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L*>-STABILITY OF CONTINUOUS SHOCK WAVES IN A
RADIATING GAS MODEL*
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Abstract. In the present article, we study the asymptotic stability in L°°-topology of shock
waves in a model system of radiating gases. It is known that the system admits discontinuous shock
waves if the shock strength is strictly above a threshold value of v/2, while if it is below (subcritical
case) or equal to (critical case) v/2, shock waves are continuous [Kawashima and Nishibata, SIAM
J. Math. Anal., 30 (1998), 95-117]. We prove that all subcritical shock waves are stable to piecewise
smooth perturbations of small amplitude. The stability of subcritical shock waves is robust in the
sense that it is not affected by possible collisions of discontinuities contained in initial data and
the solutions converge to shock waves beyond such events. Sufficient conditions for occurrence and
nonoccurrence of collision of discontinuities are both given as well. In the meantime, the critical shock
wave blows up the first order derivative if certain types of perturbations are added however small
the perturbations may be. Some conditional stability results are also addressed which are applicable
for both subcritical and critical cases. The results imply an optimality of a blowup criterion given
by Kawashima and Nishibata [Math. Models. Methods Appl. Sci., 9 (1999), pp. 69-91].
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1. Introduction. The present paper deals with an initial value problem to a
simplified model system of radiating gases proposed by Hamer [7]:

(1.1a) ut + uty + ¢z = 0,

where wu(t, z) and ¢(t,z) are real-valued functions for ¢ > 0 and = € R with
(1.2a) u(0,z) = u®(x),
(1.2b) u(z) = us, q(t,2) -0 as x — Foo.

Notation. For a constant p € [1,00], |f], denotes the LP norm of a function f.
For nonnegative integer n and a domain {2 in R, we denote by B™({2) a subspace of
C"™(£2) with derivatives being bounded up to nth order. Equipped with the norm of
£l Be2) == Sh_oSuPseq |f ¥ (z)], B*(£2) is a Banach space. Functions in B"(R)
do not have discontinuities. If {2 is not R and n > 1, functions in B™(§2) are called
piecewise smooth functions. For a function f which is continuous except for discon-
tinuities of the first kind, [f](z) denotes the jump amplitude in the spatial direction
of a function f at z, i.e.,

[f1(x) :== f(z = 0) = f(x +0)

and f(z) denotes the mean of the left and the right limit of a function f at z, i.e.,
f@) = (f(z = 0) + f(z +0))/2.
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In the case when f depends also on ¢, [f] and f are defined similarly. Finally, ¢ and
C denote generic positive constants.

We are particularly concerned with the stability of shock waves or traveling wave
solutions to the Hamer model, which are expressed in the form of

(u,q)(t,2) = (U, Q)(n), n=z—st

for a certain constant s. Substituting this into (1.1) and (1.2b), we obtain

(1.3a) —sU'+UU + Q' =0,
(1.3b) -Q"+Q+U" =0,
(1.3¢) U(x) = ux, Q(x) — 0 as z — +oo.

Conditions for the existence of solutions to (1.3) and their properties were obtained
in [8] and are summarized as follows.
PROPOSITION 1.1. Suppose the “shock strength” satisfies

05 = u_ —uy € (0,V2].
Then there exists a solution (U,Q) € BY(R) x B2(R) to (1.3) satisfying
Umn) = ur, Q) =0 as n— +too and s=(u_ +uy)/2.

The solution is unique up to a shift and satisfies

(L) 00 - sl < gose 0500 200 = (<14 1= 0372) /2

for an arbitrary n € R, where c is a positive constant depending only on dg. If the
shift is chosen so that U(0) = (u— + u4)/2 holds, then

Un) +U(=n) =u_+uy and Q(n) = Q(-n).
U is infinitely differentiable except at n = 0 and in particular

(1.5) sgu(n) U” (n) >0 for n # 0.
Moreover, if
55 < 2V2n/(n+1)

holds for a certain integer n(> 2), then (U,Q) € B"(R) x B"t1(R).

Remark 1.2. In the case dg > /2, by introducing the notion of an admissible
traveling wave solution as in [8], there exists a solution to (1.3) which is discontinuous
at one point. Setting the point of discontinuity at x =0, U'(0—0) =U'(0+0) = —1
holds. An abrupt change in the profile across ds = /2 is evident comparing with
(1.4).

The mathematical study of this system was initiated by Schochet and Tadmor [21],
inspired by Rosenau’s regularization of the Chapman—Enskog expansion for hydrody-
namics [20]. They gave sufficient conditions for the existence of small and smooth
shock waves. Kawashima and Nishibata [8] posed thorough criteria on the regularity
of shock waves as in Proposition 1.1. Subsequently, studies pursuing conditions for
the existence of shock waves have been extended to small and smooth shocks for a
complete set of equations for radiating gases [14], to possibly discontinuous shocks for
a generalized system [13], and recently to discontinuous shocks for the full radiating
gas system [5, 16].

Regarding the stability of shock waves, L!-stability by Serre [22, 23] is known.
It is powerful enough to be applicable to shock waves with arbitrary strength and
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arbitrary large perturbations in L'. On the other hand, the pointwise behavior of
solutions is also a major concern in view of weaker diffusivity of the system than
usual diffusion terms represented by Laplacian. In fact, Kawashima and Nishibata
[9] for (1.1) and later Liu and Tadmor [15] for a general equation provided sufficient
conditions for occurrence and nonoccurrence of finite time blowups of the first order
derivatives by the method of characteristic curves. A uniform convergence toward
shock waves with ds < v/6/2 was shown using L? energy method in [8], with initial
perturbations small in L' N H?. See [6] and the references therein for many studies
in this direction. For more general scalar equations and for systems, detailed results
are obtained using the Evans function techniques in [12, 17], at the price of stronger
assumptions on the shock strength and the regularity of perturbations at least for the
Hamer model.

The first objective of the present paper is to show that all subcritical shock waves
(65 < /2) are stable to piecewise B! as well as L' N L? perturbations with small
amplitude, while the critical shock wave (§5 = v/2) blows up the first order derivative
in a finite time if a certain type of perturbation in the same space is added however
small they may be. In this sense, this work relates the emergence of discontinuous
shock waves for 65 > /2 elucidated by phase plane analysis in [8] to the difference in
the behaviors between subcritical and critical shock waves. The methodology basically
follows [8, 9].

We also aim to observe the behavior of discontinuities when there are more than
two. Nishibata [18] proved that traveling waves with dg < 1/2 are stable to small
perturbations having discontinuity at one point. He also showed that the location of
the discontinuity converges to the center of mass of the initial data and the amplitude
of the discontinuity diminishes exponentially fast in time. These results were extended
to shock waves with ds < /6/2 by the author [19]. So the natural question arises
whether discontinuities, if there are several, keep away each other or collide, or whether
blowups happen before that. If ever discontinuities collide, the possibility to extend
the solution beyond that is also a concern. Although shock formation is known to
occur in several parabolic or weakly dissipative systems [1, 2, 3, 24|, behaviors or
interactions of multiple discontinuities are not well studied unlike the situations in
purely hyperbolic systems [4]. Investigation into behaviors of discontinuities will be
beneficial for the future study of supercritical shock waves. Other than these purely
mathematical motivations, studying evolutions of fluids driven by convection and
diffusion with multiple discontinuities is physically important as well.

In order to observe the pointwise behavior of solutions, data under consideration
are smooth functions except at a finite number of discontinuities. We denote by K a
fundamental solution to —d2 + 1, that is,

(1.6) K(z):==e 1=l

When u(t,-) is a piecewise B! function with discontinuities located at d;(t)(j =
1,...,J), q is explicitly written down as

(L.7) q(t,z) = —K xu,(t,x) + [ul(t,d;(t)) exp (—|x — d;(t)]) = =K' * u(t, ),

J
=1

1
24

J

where the second argument of u, and u to compute the convolution K *u, and K’ *u
takes values in R\ {d;(t)|j = 1,...,J}. Noting the definition of K in (1.6), the
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derivative of ¢ in the sense of distribution is

(1.8) Gz =u— K *xu.

Substitution of (1.8) in (1.1a) rewrites the system (1.1) into a single equation of
(1.9) U + Uty +u — K xu = 0.

At z = d(t), a point of discontinuity in u at time ¢, the Rankine—Hugoniot conditions

(1.11) [u—q.] =0,
(1.12) d(t) = % (u(t, d(t) — 0) + ult, d(t) + 0)) = T(t, d(t))

hold, where d(t) is a derivative of d(t).

To treat data with discontinuities, we interpret the solutions as an admissible
solution in the sense of Kruzkov in [10].

DEFINITION 1.3 (see [9, 21]). We define an admissible solution (u,q)(t,z) to
(1.1) and (1.2) in the weak sense by a set of functions (u,q) € L*([0,T) x R) which
satisfies

’ k i By (22 = L2
[ [ = s stonta = (52 - 5342) 1

—sign(u — k)(u — K * u)f}da:dt >0

for an arbitrary nonnegative function f € C§°((0,T) x R) and an arbitrary constant
keR,

/R (—992e + 99 — uge) dx =0

for an arbitrary g € S(R), and the initial condition
u(0,z) = u’(z) a.e. z € R.

It is well known that a pair of piecewise smooth functions (u,q) provides an
admissible solution if it satisfies (1.1) almost everywhere and the Rankine—Hugoniot
conditions almost everywhere along each discontinuity curve.

To state our main results precisely, we define some quantities and functions.

Suppose 1 is a piecewise B! function with a finite number of discontinuities at
{d) eRj=1,...,J} with df <--- < dy :

(1.13) u® € B'(£), where 2 :=R\U/_,{dJ}.

For later convenience, for ¢t > 0, let £2; C R be a complement of a set of locations
of discontinuities of wu(t,-). At each discontinuity d(;- (j =1,...,J), we assume the
entropy condition

(1.14) [u’](d}) = u’(d) — 0) — u°(d) 4 0) > 0.

If u® is continuous, (1.13) should be understood as u® € B!(R) and (1.14) is not
imposed. If a discontinuity satisfies [u] (djo-) < 0, it will immediately vanish for ¢ > 0
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emanating rarefaction waves. Since our interest is in the study of the behavior of

discontinuities, such as exponential decay of jump amplitude, collisions of them, and

survival of the solution beyond collisions, we treat only the case of [u’] (d?) > 0.
When

(1.15) u’ —ug € L', where ug(x) := uy (£z > 0)

is satisfied, we define the “center of mass” of u° in the following way. Setting the shift
of the traveling wave solution so that U(0) = (u— + u4)/2 holds, the center of mass
xo of the initial data u° is given by

xo = _ /OO (W’ (z) — U(x)) dz,

U — Ut S _ o

which is equivalent to

| 60w - e = oy =0,

—00
Letting so = (u— + uy)/2, we change variables as
a(t, @) = u(t, & + xo + sot) — so, ¢(t,2) = q(t, & + xo + Sot),

so that we may assume s = 0, i.e.,, u— + u;y = 0 without loss of generality. In the
new coordinate, the center of mass of the initial data is located at the origin and the
traveling wave does not translate. We denote new variables u, ¢,z simply by u, q, z,
respectively. Hereafter we fix U such that U(0) = 0 holds.

The initial perturbation is

¢°(z) == u’(z) = U(),
and we define its potential, or, in other words, antiderivative, by
#@) = [ P

@0 (z) is well-defined by (1.4) and (1.15). Note

/ ¢°(x)dr =0
holds by its definition. We define two constants a1 and b; by

—1/2 (0
ay = min{ inf ug(x), M}7 by := sup Ugog(f)
TE€2 2 TE

See (1.4) for U’(0). Now we are ready to state our main results.
THEOREM 1.4. In the case 6 € (0,v/2), assume (1.13)-(1.15),

(1.16) ?%, ¢" € L*(R),

and

(1.17) Jnf ud () > (—1 —/1 - 53/2) /2.
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If |®°)2 + |¢° |2 is sufficiently small, the initial value problem (1.1)-(1.2) has a unique
piecewise B solution (u,q) globally in time. The solution satisfies mazximal principle
type estimates:

inf u’(z) <u(t,z) < sup u’(z),
€l €N

—1<ar <ux(t,z) < b

for an arbitrary t > 0 and x € (2. The solution converges uniformly to the shock
wave:

(1.18) sup |u(t,z) —U(x), q(t,z) — Q(z)| = 0 as t — oo.
rEe2:

When u® is discontinuous, every discontinuity diminishes and its position converges
to the center of mass:

(1.19) [u](t,d;(t)) =0, d;j(t) =0 as t— occ.

Remark 1.5. If there are more than two discontinuities, several of them actually
collide in some cases, as shown in the next theorem. This theorem holds regardless
of such events.

THEOREM 1.6. Under the same conditions as in Theorem 1.4, consider the case
J > 2:

(i) If additionally a1 > —1/2 and

[u°1(d) + [u°[(d] 1)

119 2(d%, |, — d°

(1.20) —

§1+2a1

are satisfied, then
djpr(t) — dj(t) > ce Tt =1, J—1

holds for an arbitrary t.
(ii) If additionally

[u"(d3) + [u°[(d] 1)

1§1}1§J71 Q(d(;-“ — d?)

(1.21)

>1+42b

is satisfied, there exists a finite value Ty (> 0) such that

1S1}%1‘r]171(dj+1(t) —d;j(t)) =0 ast— T, —0.

In contrast to the theorems above, the critical shock wave, which is still continu-
ous, blows up the first order derivative in a finite time if certain types of perturbations
are added, however small they may be.

THEOREM 1.7. Let (U, Q) be a traveling wave solution in the case dg = /2. For
an arbitrary ¢°(£0) € BY(R) which satisfies

¢ (—x) = —¢°(x) and ¢°(x) <O for x>0,
the solution to (1.1) and (1.2) with

u’(z) = U(x) + ¢°(w)
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blows up in a finite time, i.e.,

inf ug(t,z) > —o0 as t—T, —0
z€R
for a certain finite value T,.(> 0).

The next theorem presents another kind of blowup set. It shows that passing dg
formally to v/2 in Theorem 1.4 is not valid.

THEOREM 1.8. Consider the case 65 = /2. For an arbitrary positive constant e,
there exists an initial data u® € BY(R) satisfying (1.15), (1.16), |®°[2 + |¢°|2 < €, and
;relﬂfgug(a:) > —1/2
such that the solution to (1.1) and (1.2) blows up the first order derivative in a finite

time.

One might expect from these two theorems that in the critical case, inf,egr u2(z)
< —1/2 would surely lead to a blowup of u, in a finite time. It is, however, denied in
the next theorem. Note that neither Theorem 1.7 nor 1.8 excludes the possibility of
L>-gtability of the critical shock wave, as inferred from [11] or [22].

THEOREM 1.9. Let (U, Q) be a traveling wave solution in the case s € (0,v/2].
For an arbitrary € € (0,1/2), there exists an initial data u® € B*(R) with

;Ié%ug(a:) =-1+4¢
such that (1.1) and (1.2) have a global solution which converges uniformly to (U, Q)
as in (1.18).

Remark 1.10. The initial data v € B'(R) with inf,cr u(x) > 0 always has
a global solution as shown in Theorem 5 of [9]. For the case with inf,cru’(z) €
[-1/2,0), traveling waves themselves are the desired initial data.

Remark 1.11. Recall Theorem 3 in [9], which claims, if restricted to nonincreasing
initial data u® € B!(R), that inf,cg u? < —1 inevitably leads to a finite time blowup of
the first order derivative. This theorem gives the optimality of their blowup criterion
in terms of inf,cg ul (x) for nonincreasing smooth initial data, except for the marginal
case of inf,ep ul(r) = —1.

Outline of the paper. In section 2, we prove the existence of a local solution
uniquely in the piecewise B! space and see the factors to determine the existence time.
We also show that the perturbation from the traveling wave is in L' and L? if the initial
data is so. In section 3, assuming the smallness of the initial perturbation in a suitable
norm, we give a bound to |[(®, ¢)|2 and a lower bound to u, both uniformly in time.
Then we show that the solution can be extended beyond collisions of discontinuities,
completing the proof of Theorem 1.4. Theorem 1.6 is also proved. The first part of
section 4 is devoted to the proofs of Theorems 1.7 and 1.8. Finally, Theorem 1.9 is
proved in the second part of that section based on another conditional stability result
of Theorem 4.1 which corresponds to Theorem 1.7.

2. Local solvability. We suppose J > 2 throughout this section since the prob-
lems with J = 0 or J = 1 are easier than the problem with multiple discontinuities.
In fact, the case with J < 1 is handled simply by skipping treatments concerning
multiple discontinuities in the following arguments. Taking account of quasilinear-
ity, nonlocality of the governing equations, and the existence of moving disconti-
nuities, we construct local solutions to (1.9) iteratively. The basic strategy is to
construct a set of “spatially local solutions” around each discontinuity not to violate
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X2 X3 |

-] = = =k -

F1G. 1. Partition of unity {X]'}JJ:1 subject to {d?};:l
the entropy condition, and patch them altogether. To be precise, let a set of func-

tions x;(z) € C*(R), j = 1,...,J be a partition of unity satisfying x;(z) € [0,1],
Z}le X;(xz) =1 for an arbitrary € R and following properties:

() = 1, z<(2d)+d3)/3,
T 0, @ > (@ +249)/3,
1, we[(d)_y +2d9)/3,(2d] + df,1)/3]
xj(x) == J for 1 <j<J,
’ { 0, @ ¢[(2d)_, +dj})/3,(d} +2d],,)/3]
T L L
P 1 > (d, +2d49)/3.

Each function x; is localized around d? and does not contain any other disconti-

nuities in its support (see Figure 1). Note that we can choose x; (j =1,...,J) such
that
—1
. o < 0
(2.1) 1123a<XJ|X3| =C¢ <1<m<15l 1{dj+1 d })
holds. Define constants C; (i = 0,1,2) and 7; (i = 0, 1,2,3) by
= [[u°||po +1,
J J

(22) Cri=max q [u®ll50 D [Xloo + 1, N6 lBo Y [Xloo + 2l[ulllmo +1 ¢,

j=1 j=1

Cy :=2(J + 1)(JJu’| g1 + 1)2,

and
- NS S,
2C1(Cy +2)’ 2 8Cy 1<j<J

TQ = min{Tl, Tg, T3}
Let domains D1,..., Dy in R? be defined by

T = [[ ]](do) T := {dj+1 do'}7

72C 1<3<J 1

3

Dy = {(T,§)|T €10,Tp], € € (—OO,Z(dg —dY) _2COT> ; 5750}7

D;i={(r.9)lr 0T, € (— S — 0+ 200

(de d2) — 2007), €4 o}
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for1<j < J and

Dy := {(m) [T e,T], €€ (—Z(d? —dj) +2Coﬁ+oo> 7 0}-

In the first iteration, for each j =1,...,J we set
(2.3) @\”(r,6) = u°(€ + d?) for (r,€) € D;.
For n > 1 and each j = 1,...,.J, assume that we have a piecewise B' function ugn 2
over D; which satisfies
(2.4) [[115»"71)]](7', 0) > 0 for an arbitrary 7 € [0, Tp]
and
(2.5) inf u%(z) <@ V(r,€) < sup uO(z) for an arbitrary (r,&) € D
€S2 J €N
Then set
n T ~(n—1
(2.6) dg» )(7') = d? —|—/O ug )(S,O)ds for T € [0, Tp].
Note that

(n) -1
d; " (m) € x; (1)
for all j and 7 < Tj by the definitions of x; and 73 and hence discontinuities never
collide with each other. For (¢,z) € [0,Tp] x R\ U/, {(7,d; ”)( )| T €[0,To]}, set

J
(2.7) WD) =Y a" e~ 4 (O)x),
i=1
where 111(."71) is extended to be zero outside D;. Here we see that the set of arguments

n (2.7) satisfies
(2.8) {(r,z — d; ”)( )) | T €1[0,To], = € suppx;} C D;

for all 7. In fact, letting p; the left edge of suppy;(i > 2), for example, the second
argument of ﬁl(-"_l) in (2.7) is bounded below for 7 < T(< T3) as

9
pi —d"(r) > pi—d— Cor > —g(d?—d?,l) — Cor > —Z(dg—dg,l)mcof

by the definitions of dgn), Co, Xi, and T3, where the last term is the left edge of D; at
time 7. In this way, we have (2.8).

Let D; be the set of points contained in D; through which a unique integral
curve generated by the vector field (1, s~ (7, §+d§-") (1)) — dg") (1)) over (1,&) € D;

passes. Then we define ﬂ;”)

problem:

(1,€) for (1,€) € D; by a solution to a linear initial value

(292) 0ra”(r,€) + (w6 + d(7) = d (7)) D (7€) + 0 (7, )
= (K +u™ ) (1,6 + d\" (1)),
(2.9b) @ (0,€) = u°(€ + df).
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Now we prove that D; = D; and ﬂ;”) is well-defined over D; for all j and n. Due
0 (2.5)-(2.7), we have

(2.10) u" D (1,6 + dS (7)) - d\ ()] < 2C%.
From (2.4) and the restriction on Ty by Th, we see for 7 < T and for all j that
(2.11) [@\"](r,0) > 0.

y (2.9) and |K|; = 1, we easily see that for all j and (7,€) € D

min {zien!go uo (T)’ 1%2{] (r,gleij a§n71) (T’ 6)} = ﬂgn) (T’ 6)

< max<{ sup «’(z), max su u(" 1)7'
< {3 @, max, sup @)

Using (2.5), we obtain

. 0 ~(n) 0
2,00 <870 < p o0

for all j and (7,€) € D;. Let Ty := 1/{201(Cy+1)}(> T1) and define a function Z(7)
for 7 € [0,71] by

4

dr
Note that Z(7) is explicitly represented by Z(7) = 1/{(C2 +1)~' — C17} — 1, where
the blowup time of the right-hand side is 27;. Following standard arguments as in
section 3.8 of [4], we have uniform bounds for 8571;-”) and 8771;-”) as

Z(r) = C1(Z(1)+ 1), Z(0) = Co.

‘5{( "9,

Vi (1) < 2(r) for (r,€) € Dj.
In particular, it holds that

(2.12) 0ca" ()|

o, (, 5)‘ <20, for (r,€) € D;

since T} < Ty and Z(T1) < 2Cs. Estimates (2.10)(2.12) imply D; = D;, which means

ﬁg") (7,&) is well-defined over D; for all n. Based on these, the unique existence of the

local solution is stated in the following way.

LEMMA 2.1. Assuming (1.13) and (1.14), there exists a positive constant Ty
depending on |[u°|| g1, mini<j<;{[u’](d))}, and minicj<; 1{d}, — d)} such that
115»") (1,€) is defined as a unique piecewise B' solution to (2.6) and (2.9) over D;
iteratively in n(> 1) with the first step given by (2.3). Moreover, {ﬂ;”)(T, iz,
converges uniformly in (1,€) € D; to a certain piecewise B function (7, &), while

{d;-n) (1)}52, converges uniformly in 7 € [0,Ty] to a certain B! function d;(). Fa-
tending u; to be zero outside D; and defining

J
L ERLONE
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for (t,x) € Do := |0, Tp) XR\U At d;(t) | t €10, Ty}, u is a piecewise B function
having separate dzscontmuztzes at {(¢, d () |te0,To]}, 5 =1,...,J, each of which
obeys (1.12) and the entropy condition

(2.13) [u(t,d;(t))] >0, t €[0,To).

Defining q by (1.7), (u,q) is a unique admissible solution to (1.1)—(1.2) satisfying
(1.10) and (1.11), and uy is a broad solution (section 3.4 of [4]) to

(2.14) Oty + u0puy + ui + Uy — 0z (K xu) = 0.

The solution also satisfies

(2.15) inf u®(z) <wu(t,z) < sup u’(z),
€S2 €Ny

(2.16) ug(t,z) < sup ul(x).
re(2

Proof. The convergence of {ﬁgn)};’lozo, {dg-")}%ozo to @, dj, respectively, and their
B! regularity are shown in a standard way as in section 3.8 of [4]. Letting n — oo in
(2.9), we have

0rty (7€) + (ulr, € + dj(7)) = dj (7)) Bty (7,€) + (7, €)
= (K xu) (1, +d;j(r)) for (1,§) € D
@;(0,8) = u’(¢ +dJ) for & with (0,€) € D;.

Introducing new variables u; (¢, ) := @;(t,z — d;(t)) for j =1,...,J, this is rewritten
as
(2.17a) O (t, ) + u(t, ©)0pu;(t, x) + uJ (t x) = (K *u)(t, )

for (¢,z) € E; :={(t, )|( —d;(t)) € D},
(2.17b) u;(0,2) = u’(z) for x Wlth ( ,x) €

Since u;(t,x) = u;(t,x) for (t,x) € E; N Ej is deduced from this, multiplying (2.17)
by x;(z) and summing up for j =1,...,J concludes that u satisfies

Opu(t, ) + u(t, z)0pu(t,x) + u(t,z) = (K *xu) (t,x) for (¢,x) € Dy,
u(0,z) = u’(z) for z € (2.

The uniqueness of the solution in L is assured in [11, 23]. Since the characteristic
curves and the locations of discontinuities are already obtained and 9, (K *u) = K'*u
holds, it is easy to show (2.14). The definition of ¢ by (1.7) concludes (1.10) and (1.11).
The upper bound (2.16) for u, is shown as in [9]. O

In order to evaluate temporal evolutions of integrals of certain time-dependent
variables over domains which also change with time, we frequently use the so-called
Reynolds transport theorem stated as follows. The proof is elementary for one-
dimensional cases.
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LEMMA 2.2. Suppose a(t) and b(t) are C' functions defined over t € [to,t1]
which satisfy a(t) < b(t). If f is a C* function defined over {(t,z)|t € [to,t1],2 €
(a(t),b(t))}, it holds that

PO b(t)

— f(t x)dr = filt,@)dz + f(b(1)b(t) — f(alt))a(t).
dt Ja) at)

We now define variables for the perturbation by
(@, 9)(t, 7)== (u,q)(t, x) — (U, Q) ().
From (1.1) and (1.3), the system of governing equations for (¢, ) reads

(2.18a) bt + (U + ¢)pe +U'dp+1pr =0,

with the initial data given by
(2.19) ¢(0,2) = ¢°(2) = u’(z) — U(z).
Corresponding to (1.7) and (1.8), it holds that

(2.20a) = —K'x¢,
(2.20b) Yy = ¢ — K x .

LEMMA 2.3. Assuming (1.13)—(1.15), the perturbation ¢(t,-) obtained in Lemma 2.1
belongs to L*(R) and satisfies

(2.21) ()1 < |¢°1, t € [0,Tp].

Moreover, the potential or the antiderivative of ¢ defined by

(2.22) ofts) = [ lt.yiy
satisfies

1
(2.23) &+ UD, + 5@2 +¢ =0.

Proof. The integrability of ¢(¢,-) and the L!-contraction (2.21) are proved by
similar arguments to those in [8]. Reference [11] is also helpful. Here we concentrate
on the proof of (2.23). Define intervals by

Io(t) := (=00, dy(t)),
Ii(t) = (d;(t),dj+1(¢) G =1,...,J = 1),
IJ(t) = (dJ(t), OO)

and suppose x € I, (t) for certain ¢t € [0,7] and k € {0,1,...,J}. Applying Lemma 2.2
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o0 (2.22), we obtain

0 0( (Z/ o(t, y)dy + ” ¢(t,y)dy>

¢ttydy+/ ¢ttydy+2[[¢ I(t, dj (£))d; (t)

7j=1

2 x 2
ST
I;(t) di(t)

[4](,

Mi

.
o

k‘

-1

<.

~
U

5(1)d; (t)

_|_

<
Il
—

ULol + 2161 ) (s (1) — (U6 + 2+ ) (1)
> ) o= )

M»

<.
Il
-

+
M-

[0] (U +¢) (¢, d;(t))

<
Il
—

(U¢+¢—2+w)< x) = (U¢+ 4’>Z+w>( z).

Differentiation under the integral sign from the second to the third lines for j = 0
is justified by noting lim, (¢, %) (¢, ) = (0,0) obtained with the help of (2.20a),
where the convergence is locally uniform in ¢ owing to the boundedness of ¢, as assured
in Lemma 2.1. We use (2.18a), (1.10), (1.11), and (1.12) afterwards. O

LEMMA 2.4. Assuming (1.13)-(1.16), @(¢,-) and ¢(t,-) obtained in Lemmata 2.1
and 2.3 belong to L*(R) and ¥(t,-),v.(t,-) € L*(R) at each time t € [0, Ty].

Proof. Multiply (2.18a) by ¢ and (2.23) by &, respectively, to get

(2.24)

o <%¢2> + 0x {%@2 + (D + ) (Ve — ¢)} +
1 U 1 U’

(2.25) o (50;2) o, {5& 26— e - <z>>} b W) =0

Multiply (2.25) by two and add to (2.24) and integrate the result over [0, ¢] x [—-M, M],

where ¢ € [0,Tp] is arbitrary and M is a sufficiently large positive number so that
di(t),ds(t) € (—M, M) holds for ¢ € [0,7]. Using Lemma 2.2, we have

(2.26)

/M ( ¢2+¢2) (txdx+/ /M U )452(5 x)dxds

//M<1+U/ = x))¢2(sxdwd8+/ ) (¥? +47) (s,2)dzds

:/M(2¢0()+¢0 )dx— Z/ (5, d;(s))]Pds
M

- / Lo s @i -o+2 {50410 v -0)}] s

-M

_2U/¢2+<1+§>¢2_(¢2+¢2):0
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By (2.21) and the definition of @ in (2.22), it holds that

(2.27) D)oo (t) < |0y
for t € [0, Tp]. The maximal principle (2.15) yields
(2.28) |Ploc (t) < fuloo(t) +[Uloo < |u0|oo + U] oo-

Owing to (2.20), (2.27), and (2.28), the integrand of the last term in (2.26) is uniformly
bounded by a certain value determined by the initial data. By the entropy condition
(2.13), we have from (2.26) that

M t M
/ (2* + ¢?) (t,2)dz < C/ (2°(z)? + ¢°(2)?) dz + C/ / ¢*(s, z)dxds + Ct,
-M R 0 J-M
where a positive constant C' does not depend on M nor on t. Applying the Gronwall
inequality to this and letting M — oo, we have ®(t,-), #(t,-) € L?*(R) and hence
¥(t, ), ¥ (t,-) € L*(R) from (2.20). a

3. Stability of subcritical shock waves. In the following two lemmata, we
give a priori estimates to the local solution obtained in the previous section assuming
the smallness of |(®°, ¢%)]..

LEMMA 3.1. Assume (1.13)-(1.16). If |(®°,¢%)|2 is sufficiently small, it holds
that

(3.1) ()] + 2le(t)]3 < 9713 + 2/6°)3

for an arbitrary t € [0, Tp).

Proof. Since @, ¢, and 1), are piecewise B' and belong to L?, the last term of
(2.26) vanishes as M — co. Thus by letting M — oo in (2.26) and using the Gronwall
inequality, we have

(2, 9)|2(t) < Ce|(@°, %)

Therefore, if |(#°, ¢°)|2 is sufficiently small, |®| (t) < C|(®, ¢)|2(t) < 1 — |U’|s holds
for ¢ € [0,min{Tp,1}]. In that case, letting M — oo in (2.26) again yields a better
estimate of

62 oWE+00E+3 [ [ 0@ eadeds+ 1 [ 10,0000 s

< 519° +16°13

N =

for t € [0,min{7p,1}] and, in particular, the smallness of [(D, ¢)|2
Repeating this argument if necessary, we complete the proof. O

LEMMA 3.2. Assume the same conditions as in Theorem 1.4. If |(®°,¢°)|2 is
sufficiently small, then

—

t) is preserved.

(3.3) xienrfzt ug(t,z) > ay
and
(34) [w](d)e= " < [u] (¢ s (1)) < [u’)(d)e Tt

hold for t € [0, Tp].
Proof. For arbitrary ¢t € [0,Tp] and = € (2, there exists a unique characteristic
curve {(s, X (s))|s € [0,t]} which reaches (¢,x). By (2.14), along this trajectory we
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have

(3.5) %uw(t,X(t)):—ui—um+K*U’+K'*¢.
First, we show that

(3.6) inf K+U'(x) = K+ U'(0) = —Q(0) = —03/8.

The first equality is shown by noting (1.4) and (1.5) and that U is an odd function.
The second equality is an immediate consequence of (1.3b). The last equality is
obtained by integrating (1.3a) noting s = 0 and U(0) = 0. Substituting (3.6) into
(3.5), we have

4,
dat ”

1
$08 = K 5 6l 1)

= (g — 0 ) — ay) — | K" $lao(2),

where ay := (=1 + /1 —6%/2)/2. Note ay = U’(0). By the Young inequality and
Lemma 3.1, we see that

(3.7) K" @loo(t) < |K'|2]¢l2(t) < |K'|2/(2°,6°)]2 = [(2°, 6")]2/2

provided |(®°, ¢%)|5 is sufficiently small. If in addition (1.17), that is, inf,ec o, ul(x) >
a_ holds and |(@°,¢°)|2 is further small if necessary, it holds that

(t, X(t)) > —ui — Uy —

inf u,(t,z) > min< inf u(x),(—1/2 25 =
it st > min{ inf o), (<1724 0)/2) =
by the definition of a;. Noting

—1<a; <ug(t,z) <b

for ¢t € [0,Tp] and = € £2;, the estimate (3.4) is deduced in the same way as [18]. 0

If J =0o0r J =1, Lemmata 2.1 and 3.2 readily conclude the existence of a
global solution. In the case J > 2, we need additional treatment. Now denote by
Tom(m € N) the local existence time of the m-times extended solution from the initial
data following the method of Lemma 2.1. By its definition, the extension never stops
in finite steps, but there is a possibility that T% := Y °_ To,, is finite.

LEMMA 3.3. Under the same conditions as in Theorem 1.4, assume that |(2°, ¢°)|2
is sufficiently small so that (3.3) holds. If Ty is finite, then

L(t) := 1SIjn£iIJl_1(dj+1 —d;)(t) >0 as t—T.—0.

Proof. We review (2) for the dependence of the existence time of a local solution
when extended from a certain time T'(< 7). Since the solution satisfies (2.15), (2.16),
and (3.3) over [0, T], we have a uniform bound for ||u(¢, )| g1. Recalling (2.1) and the
definitions of Cy and Cj in (2.2), they are bounded above as

C,<CL(T)Y'+C, C,<C
and hence

T > ¢/(L(T)" " +1).
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Lower bounds for T and T3 are given by (3.4) as
Ty > ce”H00T
Ty > cL(T).

If T, is finite, Ty, — 0 (m — co) whereas Tb > ¢ > 0. Therefore, L(>",~, Tox) — 0
as m — oo. The proof is completed by noting (1.12) and (2.15). O
Proof of Theorem 1.4. When T, is finite, we define the solution at ¢t = T, by
(L) = lim di(H), Or =R\UL{4(T)),

t
u(Ty,z) = lm wu(t,x) for zep,.
t—T.—0
This definition makes sense because of the uniform bounds for d;(t) = (t,d;(t)) and
u¢ given by (2.15), (2.16), and (3.3). By the Ascoli-Arzela theorem, u(T%,-) is a
piecewise B! function. The perturbation at t = T,

(T, ) =u(Ty,z) —U(z) for xe€

satisfies ¢(T%,-) € L' due to the uniform bound (2.21). By the estimate (3.1), we see
that both ¢(T%, ) and the corresponding antiderivative (T, -) belong to L? and this
estimate is valid also at t =T, :

()13 + 206(T2)[5 < [9°]3 + 2/6°[3

Therefore, we can construct the solution to (1.1) by regarding u(T%,-) as the initial
data without any further conditions until a possible collision of discontinuities at a
later time. It is easy to see the extended solution indeed satisfies Definition 1.3 for an
admissible solution following the argument in [4, p. 75]. By continuing this procedure
finite times at most, we obtain the admissible solution globally in time. Also, by
(2.15), (2.16), and (3.2)—(3.4) we have

/0 T lo(0)Rdt < oo,

< ld
|G

which imply |¢|2(t) — 0 ast — oco. Noting the uniform bounds of u, and the exponen-
tial decay of jump amplitude in (3.4), we have (1.18). In fact, if lim; o0 SUP,c g, [u(t, ) —
U(x)| = 0 does not hold, there exists a positive constant €, an increasing sequence of
time {¢,}22, with ¢, — 00 as n — oo, and a sequence of points {x,}>2; such that
|p(tn, xn)| > € for all n € N. By (3.4) and a1 > —1, there exists 7' > 0 such that

(3.8) > Tul(t,dj(t)) <e/2 for t>T.

J
Let ¢ := ¢/4(max{|a1],|b1|} + |U’|s). Noting the definitions of ¢, {t,}, {z,}, and 4,
and using (2.16), (3.3), and (3.8), we have |¢p(t,,x)| > e/4if t,, > T and |z — x,| <
and hence

%) oo J
it < 0/0 |¢(t)|§dt+c/0 S lult,ds (1)t < o,

E 2
/ Ot 2)?de =26 (2) >0 forall ta(>T),
. 1

which contradicts |¢|2(t) — 0 as ¢ — oo. The uniform convergence of ¢ to @ is
obtained using (2.20a) with the help of the Young inequality.
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To prove (1.19), we recall (1.12):

dj(t) = U(d; (1)) + o(t, d; (1))

Since |p|oo(t) — 0 as t — oo, for an arbitrary positive value X there exists T'(> 0)
such that |¢|oo(t) < |U(X)|/2 holds for t > T'. Therefore, if t > T and |d;(t)] > X,
then sgn(d;(t))d;(t) < U(X)/2 < 0. Hence for t > T + 2max{|d;(T)| — X, 0}/|U(X)|
it holds that |d;(t)| < X, which means d;(t) — 0 as t — oo. a
Proof of Theorem 1.6.
(i) Using (1.12) and (3.3), the evolution of distances between adjacent disconti-
nuities are estimated as

d dj+1(t)—0

G0 - ) = [ wa(t, )

dt d;(t)+0
— 5 ([t d5(6)) + [4]

> ar(dj1(t) —d;(t)) —

—~

t,dj(t)))

([ul(t, d; (1) + [ul (t, ;1 (1))

N~

over [0,Tp]. Integrate this inequality and use (3.4) to obtain

e (dj1(t) — d;(t)) > (d?H - d?)

5 [ W) + 1o o))

[[uo]] (d(;-) + [[uo]] (d9+1) (1 B ef(1+2a1)t)
201+ 2a1)

(3.9) > (d?+1 - dgo‘) -

for t € [0,Tp]. If a1 > —1/2 and (1.20) are satisfied, we have the desired
estimate.

(ii) Here we see that T, defined just prior to Lemma 3.3 is finite. By similar
computations to deduce (3.9), using u, < by instead of a1 < u,, we have

(3.10)

e (djga (t) — dj (1) < (d2,, — df) —

1@ + 61 1) (1 vamy
2(1 + 2by) = (1_6 (H%))

for t € [0,T%). Under (1.21), if Ty is not finite, the right-hand side of (3.10)
gets negative within a finite time, which contradicts the positivity of the left-
hand side for ¢ € [0,T%). Therefore, T is finite and Lemma 3.3 completes the
proof. a

4. Stability problem of the critical shock wave.

4.1. Proofs of blowup results.

Proof of Theorem 1.7. Suppose that the conclusion is false and we have a B*
solution globally in time. It is apparent that u(¢, ) is an odd function for an arbitrary
t for odd «°. Then a characteristic curve initially within x > 0 remains always x > 0.
By (3.5) and (3.6), we have

(4.1) %um(t,()) = —(ug(t,0) + 1/2)* + K % ¢(t,0).
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Now we show

(4.2) ¢(t,x) <0 for arbitrary ¢ >0 and z >0
and
(4.3) K'x¢(t,0) <0 for arbitrary ¢ > 0.

Consider an arbitrary characteristic curve {(¢, X (t))|t > 0} departing from (0, X)
with Xo > 0. Substitute (2.20b) into (2.18a) and integrate the result along that
characteristic curve to have

(44)  6(t.X(1)) = 6°(Xo) exp (— / 0+ U'<X<s>>>ds)
T / (K 6)(r, X () exp (— / e U’(X(s)))ds) dr.

Since ¢(t,-) is odd while K (-) is even and K (a) > K (b) if |a| < |b|, it holds for z > 0
that

45) K «o(ta) = | T ot y) Kz —y) — K(x +y))dy

<supot.y) [ T (K(@—y)— Ko+ y))dy = supb(t,) (1 — o).
y>0 0 y=>0

Noting ¢°(Xo) < 0, U’'(-) € [~1/2,0) and sup, >, é(t,y) > ¢(t,0) = 0, we have from
(4.4) that

ot X (1)) < / sup (7, y)dr.

y=>0

Taking the supremum among all characteristic curves departing from the right half
line, we obtain

t
sup d(t, ) < /0 sup ¢(r, y)dr,

y=>0 y>0

which readily yields (4.2) by the Gronwall inequality. Since both K’ and ¢(t,-) are
odd functions,

K'*¢(t,0) = /_OO K'(—x)p(t,x)dx = /OOO e TP(t, x)d.

The conditions ¢° € B*(R) and ¢" # 0 imply ¢(t,-) € BY(R) and ¢(t,-) # 0. Thus
(4.2) implies (4.3). Substituting (4.3) into (4.1) and noting u,(0,0) < U'(0) = —1/2,
we conclude that

Uy (t,0) > —o0 as t > T, —0

for a certain finite value T, which contradicts the initial assumption. d
Proof of Theorem 1.8. Take an arbitrary constant o € (—dg/2,0). See Figure 2 to
facilitate the understanding of the subsequent arguments. For B € (—1/2, /U~ 1(a)),
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« 7\ )
—55/2 e

Fic. 2. Profiles of y = U(z)(thin line), y = Vp(z)(thick line), y = up(x)(broken line), and
y = —x/2(dotted line).

define an odd function Vp in B°(R) by Vp(z) = Bz for x € [0,a/B], Vg(z) = « for
x € [/ B, U~ (a)], and Vp(z) = U(z) for z > U~ () and let vp(z) := Vp(z)—U(z).
It is apparent that if B is sufficiently close to U’(0) = —1/2 and |« is sufficiently small,
then p:= —K'*vp(0)/2 € (0, (3705/2)%/?). Fix arbitrary B and « so that p satisfies
this relation. For b € (—1/2, B], consider a nonincreasing odd function u, € B*(R)
which satisfies up(z) = ba for x € [0, a/b], up(z) < Vp(x) for x > o /b, up(x) — —0s/2
as © — 0o, and inf,cp up(x) = b. Note that K’ * (up — U)(0) < —2p holds.
Let u® = u;, with

(4.6) be (—1/2,/ptan(y/ut1/2) — 1/2), where t1 := 24/30s.

Since \/fit1/2 € (0,/2) follows from p € (0, (3785 /2)?/?), this definition makes sense.
Suppose the conclusion is false and (1.1) and (1.2) has a global solution. We are going
to show that w,(t,0) blows up in a finite time.

First, we estimate the last term of (4.1). Using (2.18a), (2.20b), (4.5) and noting
that ¢(t,-) is an odd function with inf,>¢ ¢(¢,2) < 0, we have by simple integration
by parts that

d g
S (K4 9(t,0))

= /00 e TPyt x)dx
0

= /00 (K x¢)(t,x) — (L +U()o(t,z)} do — % /OO e T (t, x)dx
0 0

< / e (1 —e ™) sup ¢(t,y)dx —/ (14 U(x)) inf ¢(t,y)dx
0 0 y=0

y>0

< supg(t,y)/2 — inf o(t,y).

y>0
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0

Due to (2.15) and the choice of nonincreasing u, = u”, we have

41 (K5 0.0) < (supu®() +0s/2) /2= int u0l0) — 0s/2) = Sbs.

yeR
By definition, K’ x ¢°(0) < K’ * vp(0) = —2u and (4.7) deduces
K' % ¢(t,0) < —p for t <t; =2u/30s.

Substituting this into (4.1), we see

(4.8) ug(£,0) < \/utan (Arctan((ug(O) +1/2)//1) — \/ﬁt) —-1/2

for t € [0,¢1]. Since t5 := (Arctan((u®(0) +1/2)/\/) + 7/2)/\/f is the blowup time
of the right-hand side of (4.8), the existence of C* global solution implies t; < t.
Due to (4.6), (4.8) yields

(4.9) Uy (ty,0) < =2y —1/2,

where we define a positive constant y by v = /i tan(y/ut1/2)/2. Noting sup,~q ¢(t, =)
> ¢(t,0) = 0, we have from (4.4) and (4.5) that

t
sup é(t, z) < sup ¢°(x) + / sup §(s, z)ds
0

x>0 x>0 >0

and hence

sup ¢(t, x) < sup ¢°(x) €'
x>0 x>0

with the aid of the Gronwall inequality. Let t3 := t; + (log 3)/(27?) and assume b is
sufficiently close to but above —1/2 so that

sup ¢°(z) e* < o
>0

holds. Then for ¢ < t3, we have K’ x ¢(t,0) < sup,~q @(t, ) < sup,>q ¢°(x) e’ < ~2.
With K’ x ¢(t,0) < 42 for t € [t1,t3] and (4.9), (4.1) implies

e2')12(t—151) +3 1
S”}/m—i for tZtl

Uy (t,0)
The right-hand side tends to —co as t — t3 — 0, which contradicts the initial assump-
tion.

Finally, assume further o € (—ds5/4,0) and supp¢’ C [-U~1(2a),U"1(2a)].
Then the blowup initial data constructed above for an arbitrary o € (—dg/2,0) sat-
isfies ¢° € L2 N LY, @° € L?, and |(?°, ¢°)|2 — 0 as o — 0. This is the desired initial
data. O

4.2. Some convergence results toward the critical shock wave. In order
to prove Theorem 1.9, we first see that a perturbed traveling wave in an “opposite
direction” to the initial data considered in Theorem 1.7 converges uniformly to a
traveling wave. By the analysis in section 3, we see that the key elements to construct
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a global solution in C! is to bound |¢|2(¢) and |¢.|eo(t) uniformly in time. This is
true for all shock strength dg.

THEOREM 4.1. For dg € (0,/2], let U(x) be the associated traveling wave so-
lution. Suppose an odd function ¢° € B N LY(R) satisfies ¢°(x) > 0 for x > 0 and
(1.16), while u®(z) = U(z) + ¢°(x) satisfies (1.15) and

e 0
. > —1/2.
(4.10) ;relﬂf@ ug(z) > —1/2
If |82 + ¢°]2 and sup,cp ¢2(z) are sufficiently small, then the initial value problem
(1.1) and (1.2) has a unique global solution which satisfies

(4.11) inﬂfgux(t,a:) > —1/2 for an arbitrary t > 0.
EdS

Moreover, the solution converges uniformly to the traveling wave as in (1.18).

To prove Theorem 4.1, we give an estimate of sup,cp ¢z (¢, ).

LEMMA 4.2. Assume the same conditions as in Theorem 4.1 but not necessarily
(4.10). If [@°]2 + |¢°]2 is sufficiently small,

sup ¢ (t, ) < max {supég(l‘), I@O,éo)lz/?}
zeR R
holds as long as the solution exists.

Proof. Let {(t, X (t)) |t € [0,T]} be an arbitrary characteristic curve with a certain
T € (0,00]. (This notation will frequently be used hereafter.) If X(0) # 0, then
X(t) # 0 for all t and

%(bz(ta X(1) = —u(t, X(1)* — (2U"(X (1) + 1) ¢u(t, X (1)) + e(t, X (1))

holds, where

In the case e(t, X (1)) <
In the case e(t, X (t)) >

0
A= e(t, X(0) ) (VIUIXW®) + 17207 + e, X(0) + (U (X (1) +1/2))

is the larger root of —A? — (2U'(X (t)) + 1)A + e(t, X (t)) = 0, then <L ¢, (¢, X (¢)) <0
holds. In the same way as proving (4.2), we obtain

(4.12) ¢(t,x) >0 for arbitrary ¢ >0 and z > 0.

Using U’ > —1/2, U"(x) > 0 for z > 0, (4.12) and (3.7), we have

A S Vet X(1) < VKot X (1) < V/I(2°,¢°)]2/2.

In any case,

d
a%(f,X(t)) <0 if ¢ (t, X (1)) > /[(PY,¢9)|2/2 and X(0) # 0.
Noting the continuity of ¢, (¢,x) in x, we have the desired estimate. d
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Proof of Theorem 4.1. The case with ds < /2 is shown in Theorem 1.4 with fewer
assumptions. Here we assume §g = /2. Substituting K * U’ = —Q = U?/2 — 1/4
into (3.5), we have

a6, X (1)) = = (w6, X () + 1/2)* + 90, X (1),

where g(t,z) :=U(2)?*/2+ K' % é(t,z).

(4.13)

Hereafter we treat only the nontrivial case of ¢°0. If
(4.14) g(t,x) >0

is shown for arbitrary ¢ > 0 and = € R, (4.10) guarantees (4.11) and hence the

existence of a global solution. We define Ry > 0 by U(Ry)? = 2|(°, ¢")|> and show

(4.14) for three states of X (¢): (i) X (t) =0, (ii) | X (¢)| > Ry, and (iii) | X (¢)| € (0, Ro).
We first obtain from (4.12) and ¢(¢, -)Z£0 that

(4.15) K'x¢(t,0) >0 for an arbitrary ¢ > 0.

Thus the case with X (¢) = 0 is shown. In the case of |X(¢)| > Ry, (3.7) assures
g(t, X(t)) > U(Ro)?/2 — |(2°,¢°)]2/2 = |(#°,¢°)|2/2 > 0. Finally, we consider the
case | X (t)] € (0, Ry). Applying the Taylor expansion, we rewrite g(¢, ) into

(4.16)
g(t,x) = K 5 ¢(t,0) + (U (61X (t))* + K' % ¢ (02X (t)) — ¢ (t, 02X (t))) X (t)*/2

using certain values 61,60, € (0,1). Here 9,(K’ * ¢)(t,0) = 0 and 92(K' x ¢) =
K’ % ¢ — ¢, are used noting that Kx is an inverse operator to 1 — 92, For | X ()| <
Ry, it holds that U’(#;X(t))? > U'(Rp)?. Noting that Ry is an increasing func-
tion of [(@°, #°)|z, if [(®Y, ¢Y)|2 is sufficiently small, (3.7) implies |K' * ¢ (¢, )|co <
U'(Ry)?/2. By Lemma 4.2, if |(#°, ¢°)|> and sup,cp ¢0 () are sufficiently small, then
Sup,cp ¢ (t, ) < U'(Rp)?/2 and

(4.17) U'0:X (1) + K' % ¢ (t,0:X (1)) — ¢ (t, 02X (£)) > 0.

Combining (4.15), (4.16), and (4.17), we have (4.14) and hence (4.11). The uniform
convergence towards the traveling wave is shown as in the proof of Theorem 1.4. d

Theorem 1.9 is shown based on Theorems 1.4 and 4.1.

Proof of Theorem 1.9. For an arbitrary ds € (0,1/2], let U(x) be the associated
traveling waves solution with U(0) = 0 and u° € B'(R) be an odd function which
satisfies ¢°(z) = u’(x) — U(z) > 0 for x > 0. Assume that ¢° has a compact
support included in {z € R||z| > So + ToVo} with inf,ecgul(z) = —1 + &, where
constants Sy, Ty, and Vp are defined by Sy := U~ (y/max{(ds/2)? — (1 —¢)/2,0} )],
Ty = 2/€2, and Vp := max{| inf,er u(z)], | sup,cg u’(x)|}. Note that (1.15), (1.16),
and inf, >0 ¢(t,x) > 0 for all ¢ are satisfied by these requirements.

By substituting K * U’ = —Q = U?/2 — §%/8 into (3.5), for any characteristic
curve {(t, X (t)) |t € [0, T]} it holds that

(4.18)

Eum(t, X (1) = — (ua(t, X (1)) + 1/2)> + U(X (£))?/2 + %(2 — 02+ K % p(t, X (t)).
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If [(2°, ¢%)|2 and sup,cp @Y (x) are sufficiently small, the same arguments as in the
proofs of Lemma 3.2 (if 65 < v/2) or Theorem 4.1 (if 5 = v/2) deduce

T (X (1) > = (ua(t, X (1)) + 1/2)°.
Therefore, if uy(to, X (to)) > —1/2 holds for a certain ¢y > 0 and a certain charac-
teristic curve, then along the same characteristic curve, u,(t, X (t)) > —1/2 holds for
t > to as long as the solution exists.

Assume that |(#9, ¢°)| is sufficiently smaller than (1 — ¢)/2 so that Lemma 3.1
and hence (3.7) hold. If

(4.19)  ug(t, X(t) € [-1+¢/2,—£/2] and (65/2)> — U(X ()2 <e(l—e)/2
are satisfied, then
(4.20)
%uz(t, X(t) > —(-1/2+¢/2)* + U(X()*/2+ é@ —02) — |K" % ¢(t, X ()] oo
> (1—¢/2)e/2— ((65/2)” = U(X(1))?) /2 = |(2°,¢°)[2/2 > €2 /4.

Consider an arbitrary point zo with u?(z¢) € [-1 +¢,—1/2) and the characteristic
curve {(¢, X (t)) |t € [0,T]} departing from z. Such zo belongs to supp(u’—U). With
the aid of (2.15), if t < Tp, we have | X (t)| > So+ToVo —tsup;>g zer u(t, )| > So and
|U(X(1))|? > max{(d5/2)* — e(1 —€)/2,0}. Therefore, if t; < Ty and u,(t1, X (t1)) <
—1/2, then u)(X(0)) € [-1+¢,—1/2) and (4.19) hold for ¢ € [0,#;] and hence (4.20).
Due to this and the definition of Ty, there exists to(< Tp) such that wu,(t2, X (t2)) =
—1/2. Therefore, inf,cg u, (Tp, z) > —1/2 and the application of Theorems 1.4 or 4.1
at time 7| yields the conclusion. d
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